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Missing Data in Cross-Over Trials

Edyta Winciorek!, Quanticate, Warsaw, Poland

1 Abstract

A cross-over trial is a design, in which each patient is given a sequence of at least two treatments. The purpose of
such trials is to investigate the differences between the individual treatments, which make up the sequences. Such
experiments are most useful in investigating long-lasting, stable diseases such as asthma, rheumatism or epilepsy. It
should be stressed that in real experiments patients often do not receive an equal number of treatments. This, for
example, may be a consequence of patients’ fundamental right to withdraw from a trial at any time. Therefore, the
issue of imperfect and missing data should constantly be borne in mind during designing and handling cross-over
projects. In general, classical statistical procedures assume that data are complete, and the topic of how to handle
missing data is not often discussed outside statistical journals. Therefore the most common and easiest approach is
to omit the data with missing values. Using this approach when only a very few observations are missing does little
harm. However, in case of a large number of observations with missing data, omitting patients without full data,
results in a large proportion of the data being discarded, and eventually leads to biased results of statistical analyses.
In this presentation we discuss alternative ways of dealing with missing data in cross-over trials.

2 Cross-Over Trials
2.1 Introduction to AB/BA Design

The simplest type of cross-over design is AB/BA cross-over also known as the two treatment, two periods
cross-over. In such studies the number of n; patients were given drug A for a fixed period followed by the period
without any treatment and after that given the drug B. The drug B is administered after the wash-out period,
i.e. the period in a trial which the effect of a treatment given previously is assumed to disappear. On the other hand
the number of ny patients were given the drug B followed by period without any treatment, and then the treatment
A after the wash-out period.

In case of more than two treatments a very common sort of design assumes that the patients were randomized to
all possible combination of sequences. According this design in a cross-over trial with three treatments A,B and C
for example, the patients will be randomized to all six possible sequences of one treatment each, as was illustrated
[3] :
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Figure 1. Subject randomization model for cross-over design with three treatments.
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In some cases, especially for quite big number of treatments, to examine so-called balanced incomplete
blocks design comes in useful. In such design incompleteness results from fact that each patient receives only kq
of k treatments, and not all possible sequences are considered. However, the sequences are chosen so that every
treatment appeared equally often in each of the k; periods, the patient received k; treatments, and every possible
pair of treatments appeared in an equal number of sequences. Therefore such design is balanced because each pair
of treatments is represented equally often.

The table (1) is the most common structure used in the medical literature [4] for the representation of cross-over
design. All the data are spit into columns which represent the appropriate periods and grouped in respect of the
received treatment:

Group 1
Period
Subject | p1 e PN

S1 Yiin . Yim
S Yivi o Yip

Group 1
S; Yiij oo | Ying
Sk Yiie | Yink

Table 1: Period orientated structure.

The value Yjg, represents of subject S, in period p; in group (sequence) i . In cross-over models we assume
that:
)/;kn =F [Y—ikn] + Eikn (1)

where €1, is a random error resulting from variety of phenomena while E [V, is expected response of patient
n in period k. The random error by definition is supposed to have E [e;,] = 0. Moreover, we assume that ¢;, are
independently normally distributed with constant variance o2. However, in order to model F [Yikn] we have to take
into consideration the following factors:

e 11— an effect due to patient,

e 7— an expected effect due to treatment ,
e 7w — an expected effect due to period,

e \— a carry over effect due to treatment.

2.2 Analysis of Treatment Effect

As we can see in the analysis of treatment difference we need to eliminate the period and carry over effect. Generally
speaking the carry-over effect is the most serious potential drawback of cross-over trials. Some estimators efficiently
eliminate the the effects of periods but are susceptible to the problem of carry-over effect. Therefore, the standard
analysis of the cross-over consists first of all of performing a statistical test on data to examine the possibility of



carry-over having occurred. In the purpose of this article we will assume the carry over effect did not affect the
output results.

For two treatment, two period designs the most popular analysis is based on period difference. Namely, for each
subject the pl — p2 difference is calculated. If there is any treatment difference, then the size of the pl — p2 in the
first group should be the same as those in the second group. Therefore, comparing the size of the period difference
between two groups will lead us to test the null hypothesis:

H:Tl*TQZO. (2)

Assuming normal distribution one may accomplish such analysis using Two sample t test. However, if data are
not normal distributed, then a nonparametric analysis should be applied. The most common approach refers to the
Wilcoxon rank sum test [2].

There is no general approach to the analysis of cross-over data in more than two treatments. The most convenient
approach is to reduce the analysis to one that is based on the analysis of the two treatments. However, because of
the potential for period effect we cannot compare the treatments directly. Therefore, we first have to remove the
period effect and after that investigate the treatment effect. If 7,, is an estimator of period k, then
Y‘Ik; (n) = Yink — Tn

K2

is a response of subject Sy, from group ¢ on a treatment given in period n. It is easy to notice, that Y}, (n) is free of
the period effect. In such way the data of the trial can be arranged in the following table:

Group 1
Treatment
Subject t1 tr
S Yi (1) .. Yi(n)
Si Yii(1) .. Y{i(n)
Group 1
S | Ya() . Yun)

Table 2: Treatment orientated structure

Since the design given above is an extension of the paired-sample problem, one possibility for solving it is to
consider (’;) tests of the null hypothesis of independence to each pair of rankings. Unfortunately, such method of
hypothesis testing is statistically undesirable because the test are not independent and the overall probability of
the type I error is difficult to determine. Thus we need a single test statistic designed to detect overall dependence
between samples with a specified significance level. A Friedman’s test seems to be a suitable approach in this
situation.

Suppose that response on treatments t¢1,...,t, are ordered according to k subjects Si,...,S;. Then our data
could be presented in the form of a two-way layout (or matrix) M with k rows and n columns. Let R;;,1=1,2,...,k,
j =1,2,...,n, denote the ranked observations so that R;; is the rank obtain for subject i to the jth treatment.
Then Rj1, Ri2,. .., Ry is a permutation of the first n integers while Ry, Raj, ..., Ri; is a set of rankings assigned
to treatment j.



We will represent the data in a tabular form as follows:
M=|... ......... . (3)

Suppose we are interested in testing the null hypothesis that there is no difference between ranking of treatments.
If R=(Ry,...,R,) denotes observed column totals, where

Rj :ZRU, j: 1,...,71. (4)

and let R denotes the average column total which equals M"Q—Hl for perfect agreement between rankings, then the
sum of squares of deviations between actually observed column total and average column total for perfect agreement

is given by:
n n

12 k(n+1)71?
s =3[R~ R = Y |ry - 5)
j=1 j=1
It can be shown that the value of S for any sets of k rankings ranges < 0, kn (n2 — 1) /12 >, with minimum value
attained when each subject’s rankings are assigned completely at random. Therefore, S maybe used to test our null
hypothesis H. If the null hypothesis holds then follwoing statistic

125

Q:kn(n—i-l)

(6)
can be used to define the rejection region for our hypothesis testing problem. It was proved that statistic (6)
approaches the chi-square distribution with n — 1 degrees of freedom as k increases.

It is easily seen that Friedman’s test could be used provided all elements are univocally classified for all subjects.
However, it may happen that for some subjects we cannot rank all the treatments responses under study because
some are missing. One way out is then to remove all objects which are not ordered for all of the subjects and not
to include them into considerations. However, this approach involves always a loss of information. Moreover, it may
happen that if the number of ill-classified data is large, eliminating them we may have some difficulties to apply the
Friedman’s test . Suppose for example we have 5 subjects and 5 treatments. The following matrix shows how the

subjects’ response on treatments:

12345
(71 2 34
M=1|1 (2 34|, (7)
1 2(7) 34
1 2 3 (74

where symbol (7) means that considered object has not been ranked. In this example following the above mentioned
rule lead us to the situation where all of columns in matrix (7) should be eliminated. On the other hand, it is obvious
that the treatment effects differ form each other.

Taking above described situations into consideration we show how to generalize the classical Friedman’s test to
make it possible to infer about possible association between rankings with missing information or non-comparable
outputs. In our approach we describe vagueness in rankings by the generalization of the standard fuzzy sets,
suggested by Atanassov [1].



3 Incomplete Data Analysis Methods
4 IF-sets in Modeling rankings

A method proposed below seems to be useful especially if not all elements under consideration could be ranked. In
suggested approach we will attribute an IF-sets to the ordering corresponding to each subject. For simplicity of
notation we will identify orderings assigned to subjects with the corresponding IF-sets Si,...,S;. Thus, for each
subject let

Si = {(tj, s, () v, (t))) - t; € T} (8)
denote an IF-set, where function sug. (¢;) (called membership function) indicates the degree to which treatment ;
give the most preferred response for ith subject, while function vg,(¢;) (called nonmembership function) shows the
degree to which ¢; is the less preferred response for ith subject.

Here a natural question arises: how to determine these membership and nonmembership functions. Namely, for
each subject one can always specify two functions wg,,bs, : T — {0,1,...,n — 1} defined as follows: for each given
t; let wg,(t;) denote the number of treatments surely worse than ¢;, while b, (t;) let be equal to the number of
treatments surely better than ¢; in the ordering corresponding to subject S;. Then, we have

N wsi(t) oy bsi(l)
H’Si(tj)_ n—1 Vs () = n_1 (9)
In such a way we get k well defined IF-sets which describe nicely the treatment orderings corresponding to k
subject. It should be stress that 0 < ug (t;) + vs,(t;) < 1.Therefore, 7y, (t;) = 1 — pg, (t;) — vs,(t;), called the IF-

index, quantifies the amount of indeterminacy associated with S; and ¢;. Therefore 7, (¢;) = 0 for each treatment ¢;

if and only if all treatments are ranked for ith subject and there are no ties. Conversely, if there exist such treatment
that 7g, (t;) > 0 then it means that there are ties or non-comparable elements in the ordering. One may also notice
that mg,(t;) = 1 if and only if treatment ¢j is non-comparable with other element or all treatments have obtained
the same rank.

Hence it is seen that IF-sets seem to be a natural and useful tool for modeling nonlinear orderings.

5 Generalization of Friedman’s test

According to (5) the test statistic for testing independence might be expressed in a following way
S(R) = d(R, R¥), (10)

where d(R, R*) denotes a distance between the observed column totals R = (Ry,...,R,) and the average column
totals R* obtained for perfect agreement between rankings. It can be shown that R* = (R_I, ..., R?) and F}‘ =
ﬂ"zil for each j = 1,...,n. Now to construct a straightforward generalization of Friedman’s test we have to find
counterparts of R and R* and a suitable measure of distance between these two objects. Thus instead of R we will
consider an IF-set S, defined as follows

S ={{t;. ns(ty), vs(t;)) 1 t; € TH, (11)
where the membership and nonmembership functions p1g and vg, respectively, are given by

1 1
ps(ts) = & Zusi(fj) and vs(t;) = ZVSi(fj)- (12)

It can be proved that for perfect agreement between rankings, instead of the average column totals R* we obtain
an IF-set S* = {(t;, uz=(t;), vg=(z;)) : t; € X} such that

pe(t) = . = i (ty) = % and vg=(t1) = ... = vg=(tn) = % (13)



Now, after substituting R and R* by IF-sets S and S*, respectively, we have to choose a suitable distance between
these two IF-sets. Several measures of distance between IF-sets were considered in the literature. In this paper
a distance proposed by Atanassov is recommended. Therefore, for actual observed rankings, modeled by IF-sets
S1,..., Sk, test statistic is a distance (??) between IF-set S obtained from (11)-(12) and S* obtained from (?7?)-(13)
and is given by

n

B(S) = d(5,5) = 3 (us<tj>§)2+ (us<tj>§)2. (14)

j=1

It can be shown that for any IF-set S there exist two IF-sets S* and S” such that:

min {E(Sb), [s*“(sﬂ)} < D(S) < max {f)(sb), f)(sﬂ)} (15)

where
S" ={{tj,ns(t;),vs(ty) +7s(ty)) : t; € T}, (16)
S* = {(t;, ns(ty) + ms(t;),vs(t;)) : t; € T} (17)

Hence our test statistic D(S) based on ill-defined data is bounded by two other statistics D(S?) and D(S*)
corresponding to situations with perfect rankings. Indeed, for each z; € X

g (t;) =1 —vg (tj) = me(t;) =0
psr(ti) =1 —vgs(tj) = ma:(t;) =0

which means that S” and S* describe situations when all elements are univocally classified. Therefore, there exist
two systems of rankings (in a classical sense) R’ and R* and one-to-one mapping transforming S” and S* onto R’
and R!, respectively. Next, it could be shown that

~ 2 ~ 2
D(8") = ———=5D(R’) and D(S*) = ——— D (R?). 18
(5 k2 (n—1)° ( >an 5 k2 (n—1)° (%) (18)
Since D (S”) and D (S*) are linear functions of D, we may proved that
_ 6k(n—1)2~/_, _Gk(n—1)% ~
Ty (S) = n(n_i_l)D(S)andTg(S)f n(n+1)D(S), (19)

are chi-square distributed with n — 1 degrees of freedom. Traditionally, in hypothesis testing we reject the null
hypothesis H if test statistic belongs to critical region or accept H otherwise. In our problem with missing data we
get two statistics 77 and T, and we have to utilize them for decision making.

Acording to (15) we get the following inequality

Tmin S T (S) S Tmax (20)

n—1)2 7 min
where Tinin = min {7} (5), 72 (5)}, Tmax = max {11 (S), T2 (S)} and T (S) = 6227&3 D(S). Let us denote by g~
and ¢** the critical values of Tinin and Tiax, respectively. It means that with ¢o'" and ¢** we will find as the

solutions of the following equations:

P (T > qg‘in) =a and P (Tpax > ¢2*) = a. (21)

In order to find the critical values ¢™® and ¢™® we have to determine the random sampling distribution of Ty, and
Tmax under the assumption of independence. For this purpose the Monte Carlo simulation has been run. Numerical

comparisons have shown that Ty, and Ta.x approaches the gamma distribution as a dimension of M increases.



Going back to our hypothesis testing problem, we should reject H on the significance level « if
T(S) 2 qa™ (22)
while there are no reasons for rejecting H (i.e. we accept H) if
T (S) < g™ (23)
These two situations are quite obvious. However, it may happen that
g < T(S) < g,

In such a case we are not completely convinced to neither reject nor accept H (see Figure 2).
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Figure 2. Rejection region for hypothesis testing problem with missng data.

Thus instead of a binary decision we could indicate a degree of conviction that one should accept or reject H.
The measure describing degree of necessity for rejecting H is given by following formula:

1 if Amin Z T (S)
Ness(reject H) = % it gmin <T(5) < ¢maz (24)
0 it Gmaz < T (9)
Simultaneously we get another measure
Poss(accept H) =1 — Ness(reject H) (25)

describing the degree of possibility for accepting H.
6 Conclusion

In the paper we have discussed well-known Friedman’s test as a nonparametric tool for testing the treatment effect
in cross-over studies with more than two treatments. The Friedman’s test give us a single test statistic designed to
detect overall dependence between treatments with a specified significance level. Moreover, we have shown how to
generalize this test to situations in which not all elements could be ordered. Presented approach refers to so called
fuzzy statistic,a quite new discipline in statistical data analysis.
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